Abstract: We demonstrate a detailed theoretical and experimental analysis of the deterministic timing jitter induced on intensity-modulated optical pulse streams when propagating through a SOA. The mathematical analysis reveals an approximate linear relationship between jitter and pulse intensity modulation when the SOA gain recovery time is shorter than the pulse period. The theoretical results have been confirmed by experimental deterministic timing jitter measurements for intensity modulation levels up to 8 dB, showing good agreement between theory and experiment.
Introduction
The broad-scale efforts toward realizing high photonic integration densities has put SOA amplification in the spotlight once again, since any alternative integrated amplifier competitor [1] is far behind in terms of level of maturity. The SOA currently appears as the most preferable on-chip amplifier option in many key network subsystems, performing as pure amplifier stages [2] , [3] or as ON-OFF gating elements [4] and enabling leading edge applications that extend from metro network environments [4] to access network [3] and to on-chip or on-board datacom systems [2] .
The extensive application of SOAs in the photonic communications ecosystem underpins the impact of their characteristics on overall system performance. With multilevel modulation formats [5] now turning mainstream, interest in SOA amplification is further renewed. A concerted research effort on SOA-based devices spanning the last 20 years has unraveled most of their underlying amplification secrets. Pulse-shape asymmetry owing to SOA gain depletion effects, for example, has been one of the key findings and has been extensively investigated in the past [6] . However, the relationship between pulse shape distortion and timing jitter still remains a missing piece of the puzzle. Despite the detrimental effects that jitter can have on overall system performance, deterministic SOAinduced timing jitter has not been consolidated in a detailed analytical framework.
In this communication, we extend our previous work [7] and demonstrate for the first time, to the best of our knowledge, a theoretical and experimental analysis of the deterministic timing jitter induced when intensity-modulated optical pulses propagate through a SOA with a gain recovery time smaller than the pulse period. We arrive at an analytic mathematical formula for the mean pulse arrival time that provides a comprehensive picture of jitter origins, allowing for reliable prediction of the deterministic jitter induced during SOA amplification. A mathematical relationship between the deterministic jitter and the intensity modulation is derived, and the theoretical findings are verified through experiments where picosecond-long Gaussian pulses with intensity modulation depth varying from 1 to 8 dB are employed. Our analysis reveals an approximately linear relationship between deterministic timing jitter and pulse intensity modulation levels, with both experimental and theoretical results indicating that deterministic jitter minimization can be achieved by operating the SOA in the strong saturated region.
Deterministic Jitter Origin and Theory
It is a well-known fact that the leading edge of every incoming pulse will experience a higher gain than the trailing edge when propagating through a SOA, shifting the amplified pulse peak toward its rising edge [6] . The shift of the exiting pulse energy distribution indicates a subsequent deviation of the mean pulse arrival time T MEAN . The magnitude of this timing shift is dependent on the pulse peak power, this being the root cause of the deterministic timing jitter. Specifically, when pulses of unequal peak power propagate through the SOA and assuming that the SOA gain recovers to the same steady-state value prior to the pulse arrival, the different peak power levels will generate different dips in the SOA gain, which cause different pulse shape distortions. As each pulse experiences a different amount of mean arrival time deviation, the intensity-modulated pulse stream at the output exhibits increased timing jitter values.
By defining P in ðt Þ as the power of an individual incoming Gaussian pulse with peak power denoted as P p , 1/e pulsewidth equal to T o , and Gðt Þ as the amplifier gain experienced by this pulse, the power of the pulse exiting the amplifier is equal to P out ðt Þ ¼ P in ðt Þ Á Gðt Þ. The mean arrival time T MEAN for every individual pulse can be calculated [8] , [9] as
where U total is the total output pulse energy. An analytic expression for the output power can be derived when considering the amplifier as a spatially concentrated device, with the incoming pulsewidth being much smaller than the SOA gain recovery time. This allows the use of the formula for Gðt Þ provided by Agrawal et al. [6] . Assuming that the pulse center is at t ¼ 0 and using the respective expressions for P in ðtÞ and Gðt Þ in (1), we obtain
with G o representing the steady-state gain and U sat being the saturation energy parameter of the SOA. By expanding Gðt Þ both in the numerator A and in the denominator B in a first-order Taylor series around the center position of the pulse at t ¼ 0, after some algrebra, (2) becomes
Equation (3) expresses the mean arrival time of every pulse as a function of its peak power, its time duration, and the SOA steady-state gain value, and provides insight into the origin of jitter. Fig. 1(a) shows the graphical representation of T MEAN versus pulse peak power for a range 0 mW to 20 mW, for three different G o values and a 20-ps pulsewidth. Since the pulse center has been assumed at t ¼ 0, the time shift induced during SOA amplification will always be leftward toward smaller values, so that T MEAN is a negative quantity, continuously decreasing until reaching a saturation plateau.
Moreover, the steepness of the slope of the T MEAN curve differs as the peak power level increases, so that the T MEAN curve can be divided into two distinct areas: Area A, corresponding to the nonsaturated SOA gain regime, where the SOA retains sensitivity to input peak power and leads to enhanced timing jitter values for the amplified pulses, and Area B, where the SOA operates in its strongly saturated gain region. In this case, the curve of T MEAN decreases smoothly, almost approaching a downward sloping tail. This effect mitigates the differences of mean arrival time compared with operation in area A and results in lower timing jitter values. At this point, we should mention that SOA operation in the nonsaturated regime corresponds to the case where the SOA gain has dropped by not more than 3 dB from its initial steady-state value, while SOA operation in its saturated region refers to the case where the SOA gain drops by more than 3 dB from its initial steady-state value upon optical pulse arrival.
The monotonic slope of mean arrival time T MEAN implies that the lowest and highest values are obtained for the corresponding lowest and highest peak power input pulses. In the case of a pulse sequence with P p values residing within a finite set between minimum and maximum values, the peak-to-peak deterministic jitter J D pp can be calculated as the difference between the respective minimum and maximum mean arrival time values T MEAN as follows:
where (3), showing the dependence of T MEAN on peak power values, the latter expressed in dBm. Equation (3) can be expanded into a second-order Taylor series around a reference peak power P REF again expressed in dBm. As can be seen in the two examples for peak power values lower ðFitting 1 À R 2 ¼ 0:9989Þ and higher ðFitting 2 À R 2 ¼ 0:9949Þ than 0 dBm illustrated in Fig. 1(b) , the second-order Taylor expansion provides a very good approximation to the curved sections of T MEAN over a power range of more than 15 dB. Moreover, by substituting in (4) the values of T MEAN corresponding to the highest and lowest peak power pulses P max p (dBm) and P min p (dBm), respectively, the deterministic timing jitter can now be written as Equation (5) can be further simplified using some straightforward algebra into
where ÁP ¼ P (6) becomes zero, and the deterministic jitter expression turns into
Factor b is provided by
By selecting a certain value for P REF , factor b turns into a constant, and (7) reveals a linear relationship between deterministic jitter and intensity modulation. Fig. 2 shows the experimental setup for the deterministic timing jitter measurements with variable pulsewidths and SOA gain levels. It consists of a 1549.2-nm mode-locked laser (TMLL) with typical jitter of 100 fs and a Ti:LiNbO 3 electrooptic modulator (MOD) driven by a 10-GHz pattern of alternating B1's[ and B0's[, to create clock pulses at 5 GHz, so as to ensure a pulse period greater than the SOA gain recovery time (160-ps 1/e). The clock signal is then injected into a second modulator driven by a 625-MHz sinusoidal signal to create intensity-modulated pulses with eight different pulse peak power levels. The intensity-modulated clock signal is then amplified (EDFA) and directed into the SOA. Two SMF spools of 800 m and 1225 m were employed to enable pulsewidth adjustment of 20 ps and 30 ps, respectively, through fiber dispersion. An additional CW at 1555.8 nm was utilized to adjust the SOA gain level and as such to determine its operational regime. The output pulse train was then captured on a real-time oscilloscope (RTO) with 16-GHz bandwidth, and 300-fs jitter measurement floor for offline postprocessing. The control and input signal were adjusted in terms of power and polarization by means of variable optical attenuators (VOAs) and polarization controllers (PCs). The SOA module was a commercial 1.5-mm-long multiquantum-well structure with 31-dB small signal gain and was driven at 450 mA.
Experimental Details
The U sat parameter of SOA was found to be approximately 7 fJ. The jittery pulses captured on the oscilloscope at 100 GSa/s were reconstructed with a sample time resolution of Át ¼ 1:25 ps, after eightfold upsampling. For each run, the total output timing jitter, referred to as J TOTAL , was calculated over 8192 pulses by means of (1). J TOTAL is, however, the combination of deterministic and random jitters. In order to obtain experimental results for the deterministic jitter, the stochastic contribution of the noise-induced random jitter has to be separated from the deterministic process that leads to pulse position variations proportional to the pulses' intensity modulation.
To achieve this, the deterministic jitter is represented as a peak-to-peak value ðJ D pp Þ between minimum and maximum values since no probabilistic distribution can be applied, while the random jitter is considered as the peak-to-peak value of a normal distribution ðJ R pp Þ. J TOTAL is then approximated by [10] , [11] 
The total jitter at the output of the SOA in absence of pulse peak power variations is uncorrelated to the jitter induced from an intensity-modulated pulse sequence and actually represents the accumulated random jitter of our experimental system, so that
Therefore, the deterministic timing jitter J D pp is obtained by subtracting the random jitter measurement floor J R pp from J TOTAL when the input pulse sequence has a given intensity modulation. Table 1 summarizes the timing jitter values at the input and output of the SOA when powerequalized pulses were used as the input signal, for pulsewidth values of 20 ps and 30 ps, and for SOA gains equal to 20 dB and 31 dB, respectively. Fig. 3(a) depicts the eye diagram of a 10-dB intensity-modulated input signal with 20-ps pulsewidth, and Fig. 3(b) is the respective eye diagram for 30-ps pulsewidth. Fig. 3 (c) and (d) shows the eye diagrams obtained at the output of the SOA for the two pulsewidths when the SOA operates in the nonsaturated regime. Fig. 3 (e) and (f) depicts a similar set of results for the two pulsewidths in the case that SOA operates in the strongly saturated region. The SOA gain level is equal to 20 dB in both cases, and the experimental average peak power values are 30 W and 1.85 mW for the non saturated and strongly saturated SOAs with 20-ps pulses, and 34 W and 1.23 mW with 30-ps pulses. Fig. 3(c) -(f) shows the irregular shapes of the output eye diagrams revealing the pulse shape distortion that generates the deterministic timing jitter. Fig. 3(g) -(i) depicts the experimental and theoretical results of the deterministic timing jitter versus input signal intensity modulation expressed in dB, for different gain levels, SOA saturation regimes, and pulsewidths. The theoretical timing jitter curves have been calculated by using (3) and (4). Since (7) reveals an approximate linear dependence of theoretical deterministic jitter for intensity modulation levels, a linear fit was also applied to the experimental data showing that close agreement between theory and experiment is obtained for all cases. Fig. 3(g ) and (h) depicts theoretical jitter results obtained by applying (4), as well as the experimental data with their linear fit for 30-ps pulsewidth and 31-dB SOA gain level, using average pulse peak power values of 11 W and 235 W for unsaturated and saturated SOA operations, respectively. The graphs reveal a reduction of deterministic jitter in excess of 25% for the case of the saturated regime compared with the nonsaturated regime. Fig. 3(i) illustrates jitter evolution versus intensity modulation levels for 20-dB SOA gain using an average pulse peak power value of 34 W. When compared with Fig. 3(g) , a decrease of jitter with the SOA gain level is evident. Finally, Fig. 3(i) and (j) depicts the jitter results for 30-ps and 20-ps pulsewidths, respectively, when all other operating parameters are the same, confirming that shorter pulses generate lower jitter levels [30-W average pulse peak power value for Fig. 3(j) ]. The R 2 values for the linear fits applied to the experimental data in Fig. 3(g) and (i) were 0.87 and 0.79, respectively, while for Fig. 3(h) and (j), both linear fits exhibit an improved matching with R 2 values higher than 0.98. Timing jitter values at the input and at the output of the SOA 
Results

Discussion
The main approximation made toward calculating the mean arrival time expression provided by (3), which has been subsequently used for calculating theoretically the deterministic timing jitter curves shown in Fig. 3(g) -(j), relied on the first-order Taylor expansion of the SOA gain GðtÞ around the pulse center at t ¼ 0. Fig. 4 (a) depicts the mean arrival time values calculated for two SOA steadystate gain values both by the analytical formula provided by (3) and by the original relationship provided by (2), i.e., before any approximation was applied, in order to address the validity of our approximation. In the case of 28-dB steady-state gain, the two respective curves are almost identical for a power range from 0 to 1 mW. After this value, the analytic solution starts immediately to approach asymptotically a minimum value, while the exact solution continues to decrease smoothly until a pulse peak power value of 4 mW and then starts also to follow an asymptotic behavior. As such, the two curves experience a very good quantitative matching until 1 mW and then show a good qualitative agreement in their performance, which is very important for timing jitter calculation since it relies on the difference between the mean arrival times and not on their exact absolute values. When the SOA steady-state gain is lowered down to 20 dB, the two curves are almost the same over the complete power range from 0 to 20 mW, providing also very good quantitative matching with the highest deviation being only 1 ps at pulse peak power levels higher than 12 mW. The main reason for the improved matching between the exact solution and the approximated solution provided by (3) lies in the way the gain depletes. The Taylor expansion of the Gðt Þ gain expression around t ¼ 0 (i.e., the center of the pulse) means that we consider the gain depletion to follow a linear curve around t ¼ 0. This is indeed true for the case of G o ¼ 20 dB, but the linearity at t ¼ 0 starts to degrade for higher steady-state gain values and for the same pulse peak power level due to the faster gain depletion mechanism in this case. The validity of the mathematical framework concluding to (7) for the linear dependence of the deterministic timing jitter on the intensity modulation can be estimated by means of Fig. 4(b) . It shows the deterministic timing jitter calculated by means of (3) and (4) over an intensity modulation range from 0 up to 20 dB, i.e., a significantly higher range than 8 dB shown in Fig. 3(g)-(j) . As can be noticed from this graph, in the nonsaturated operational regime of the SOA, the jitter curve is not linear across all this range, but it can be very well approximated as linear up to an intensity modulation value of 8-10 dB. In the case of SOA operation in its saturated regime, the timing jitter curve is almost linear over the entire intensity modulation range. To this end, (7) can be indeed perceived as a solid mathematical formula for demonstrating the linearity between deterministic timing jitter and intensity modulation for practical intensity modulation levels up to 10 dB. The pulse waveform that has been used throughout our complete theoretical and experimental analysis relied on a Gaussian-type distribution. It should be noted that our theoretical framework for deterministic timing jitter calculation can be also applied to any other type of optical pulse shapes by simply replacing the expression expðÀt 2 =T 2 o Þ in (2) with the new mathematical formula describing a different pulse waveform. However, as this has been the first ever reported attempt to theoretically predict the deterministic timing jitter induced by SOAs in the case of intensity-modulated pulses, our main goal has been to demonstrate for the first time the quantitative and qualitative behaviors of SOA-induced deterministic jitter with an extensive analysis for several pulse waveforms falling beyond the scope of this paper. In this first attempt, the main reasons for utilizing Gaussian-type pulses have been the simplicity offered by Gaussian-type distributions in their mathematical treatment, the experimentally confirmed Gaussian waveform of short optical pulses with up to 20-ps pulsewidth usually generated by optical laser sources [12] - [14] , and their extensive use in theoretical approaches applied in SOA devices [6] , [15] - [19] .
The theoretical analysis presented can be also extended toward calculating the deterministic jitter in the case of random data patterns with intensity-modulated pulses used as the input signal in SOAs. As long as the SOA gain recovery time is shorter than the bit period, all data pulses will again experience the same steady-state gain G o , rendering (3) valid also for this case. But even when the SOA gain recovery time is longer than the bit period, (3) serves as a good basis for calculating the mean arrival time T MEAN of the data pulses and, subsequently, the deterministic timing jitter J D pp . In this case, the use of random data pattern will actually result in different gain levels perceived by every individual pulse. To this end, the assumption that every pulse experiences the same steadystate gain value G o is not any more valid, but G o should be now treated as an additional variable in (3) taking values within a certain range ÁG o . This actually turns relationship (3) into a two-variable function, assuming a given pulsewidth and a constant U sat parameter. As can be also noticed in Fig. 1 , the same pulse peak power level results to a lower absolute value for the pulse mean arrival time when a lower gain value is perceived by the pulse. In Fig. 1 , for example, the absolute value of T MEAN for a gain of 20 dB is always smaller than the respective value for a SOA gain of 28 dB, which, in turn, is always smaller than the respective value for a 30-dB gain. This actually means that the deterministic jitter in case of different gain levels perceived by every pulse, as will be the case with random data patterns and gain recovery times longer than the bit period, will be always slightly higher than the deterministic jitter induced by the same pulse sequence when the SOA gain recovery time is shorter than the bit period. This can be easier understood by considering the following example: the data pulse with the smallest peak power level comes after a long sequence of B1's[, experiencing in this way the smallest SOA gain among all data pulses and yielding the smallest absolute value for its mean arrival time at the SOA output. At the same time, the highest data pulse comes after a long sequence of B0's[, so that it actually perceives the full gain of the amplifier, resulting to the highest absolute value among all data pulses for its mean arrival time T MEAN . This scenario can be certainly met when considering a truly random data pattern with a uniform or Gaussian statistical distribution of pulse intensity modulation. As such, (3) indicates that higher deterministic jitter values are expected; however, the exact analysis of this case falls beyond the scope of this paper.
At this point, it should be also noted that using an external CW signal instead of altering the SOA driving current for controlling the SOA gain operational regime does not impact the validity of our conclusions. The equation of the SOA gain Gðt Þ [6] can be successfully applied even when the steady-state gain G o is different than the SOA small-signal gain [20] . The SOA gain control could have been also certainly obtained by controlling the SOA driving current, but in that case, the SOA gain recovery time would increase significantly with reduced driving current values, rendering the condition of our analysis for SOA gain recovery times lower than the pulse period as invalid in our experiment. On the other hand, gain control by means of an external CW signal allows also for further reductions in the SOA gain recovery time values [21] , ensuring that our condition is fulfilled in all our measurements and for all SOA gain levels being investigated.
Conclusion
We have demonstrated a theoretical and experimental analysis of the deterministic timing jitter induced on intensity-modulated optical pulse streams when amplified in a SOA. The theoretical timing jitter model relies on the calculation of the pulse mean arrival time as a function of the pulse peak power, the pulsewidth, and the SOA steady-state gain. Both experimental and theoretical results reveal an approximate linear relationship of deterministic timing jitter versus intensity modulation levels up to 8 dB when the SOA gain recovery time is shorter than the pulse period. Nonsaturated SOA operation and higher SOA gain yield higher deterministic timing jitter values.
